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ON THE UNIVERSAL p-ADIC SIGMA AND WEIERSTRASS ZETA FUNCTIONS
CLIFFORD BLAKESTAD AND DAVID GRANT
Abstract. We produce a new derivation of the universal p-adic sigma function and p-adic Weierstrass zeta
functions of Mazur and Tate for ordinary elliptic curves by a method that highlights congruences among
coefficients in Laurent expansions of elliptic functions.
1. Introduction.
In the 1980s Mazur and Tate introduced a p-adic sigma function σE/A defined on the kernel of reduction
of an elliptic curve E defined over a complete discrete valuation ring A of residue characteristic p > 2 with
(good or bad) ordinary reduction, which they used to compute p-adic local heights of points on E [MST],
[MTT]. They explicitely related σE/A to the function theory on the curve, and gave a multitude of equivalent
conditions that uniquely characterize σE/A (see §3).
The details of the construction, which appeared in 1991 [MT], took a limit of modified division polynomials
attached to the isogenies dual to modding out E by the pn-torsion in the kernel of reduction modulo p.
In the meantime, using an idea he attributed to Mumford, Norman used algebraic theta functions to
construct essentially the same function [N]. His construction worked for ordinary abelian varieties of any
dimension. Norman also recognized his function as one of a class constructed earlier by Barsotti and Cristante
[Cr] (but one that satisfies an integrality condition). Mazur and Tate provide references to earlier related
results, and interpret the existance of σE/A in terms of biextensions of E×E by Gm and the cubical structures
of Breen [Br]. An alternative interpretation of σE/A for A an extension of the p-adic numbers was given by
Balakrishnan and Besser, who showed that the logarithm of σE/A is a Coleman function [BB]. When A has
characteristic p, Papanikolas gave a different explicit formula for σE/A [P].
Mazur and Tate also showed that their construction carried over to more general base schemes, and having
done so, could be used to define a “σ-functor” for ordinary elliptic curves over the category of formal adic
schemes for which p can be taken as an ideal of definition, uniquely determined by being compatible with
base change, and by recovering their construction above for ordinary elliptic curves over complete DVRs.
For understanding such an important function, one can never have too many arrows in one’s quiver. The
goal of this note is come up with a different construction of a universal p-adic sigma function, a power series
defined for a universal generalized elliptic curve in Weierstrass form with at worst nodal fibers, that can be
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specialized to produce σE/A for any ordinary elliptic curve in Weierstrass form over a complete DVR A (or
more generally, for generalized elliptic curves with at worst nodal fibres defined over a p-complete ring).
Let A have characteristic 0 and residue characteristic p > 3, E be given by a Weierstrass model y2 =
x3+a4x+a6, a4, a6 ∈ A, t = −x/y, a parameter at the origin of E, and ω = dx/2y, a holomorphic differential
on E. One of Mazur and Tate’s equivalent formulations for σE/A is that it is the unique odd power-series in
t whose lead term is t and whose second logarithmic derivative with respect to ω is −x plus an element in
A.
We take this as our starting point. Let p > 3 be prime. For independent indeterminates A4 and A6, let
E be the projective closure of the curve given by
y2 = f(x) = x3 +A4x+ A6
over R = Z[ 16 ][A4, A6], which is elliptic over the subscheme where its discriminant is invertible. Let t = −x/y,
a parameter at the section at infinity of E , ω = dx/2y a differential for E/R, and D = d/ω the corresponding
derivation on the fraction field of E/R. Let H be the coefficient of xp−1 in the expansion of f(x)(p−1)/2
(which reduces to the Hasse-invariant of E modulo p). Let RH = R[
1
H ] and Rˆ = lim←−
n
RH/p
nRH be its
p-completion. Note that E defines a generalized elliptic curve over Rˆ with at worst nodal fibres [Co1], and
in fact is the universal generalized elliptic curve with at worst nodal fibres over p-complete rings for p > 3
(see §1).
We will construct the “universal p-adic sigma function” σ
E/Rˆ(t) attached to E/R in Rˆ[[t]], which is
the unique power series in t with coefficents in Rˆ, odd under t → −t, and with lead term t, such that
D(Dσ
E/Rˆ(t)/σE/Rˆ(t)) + x(t) ∈ Rˆ, where x = x(t) is considered in the fraction field of the completed local
ring at infinity. The logarithmic derivative of σ
E/Rˆ(t) will be the “universal p-adic Weierstrass zeta function”
ζ
E/Rˆ(t).
In practice, we work in the opposite direction. We first construct ζ
E/Rˆ(t) as a limiting process of such
objects modulo pn (by a method that would look familiar to Hasse [Has]: see also [Vo]), so the existance of
ζ
E/Rˆ(t) can be viewed as a set of congruences modulo powers of p between the coefficients of the Laurent series
x(t)ω(t)/dt. Continuing that theme, we derive the integrality of the coefficients of σ
E/Rˆ(t) via Hazewinkel’s
functional equation lemma, which entails deriving congruences between coefficients of ζ
E/Rˆ(t) and ζE′/Rˆ(t
′),
where E ′ is the generalized elliptic curve gotten by modding E out by the p-torsion in the kernel of reduction
of E modulo p, and t′ is a corresponding parameter at the section at infinity of E ′ (see §2.2 for more details).
These construction are given in §2. We will also need to verify in §3 that σ
E/Rˆ(t) universally satisfies
at least one of the other equivalent characterizations of σE/A given by Mazur and Tate, to guarantee that
σ
E/Rˆ(t) specializes to σE/A when A is an equicharacteristic complete DVR as well. Once having done this,
it is a formality in §4 to verify that σ
E/Rˆ(t) can be used to recover the σ-functor of Mazur and Tate.
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We emphasize that while our construction differs from that of Mazur and Tate, their approach using
division polynomials would also produce the same power series σ
E/Rˆ(t). In a final remark, we will compare
the two approaches, and interpret our congruences between the coefficients of ζ
E/Rˆ(t) and ζE′/Rˆ(t
′) from the
point of view of p-adic modular forms.
Our motivation for finding a different approach to the construction of σ
E/Rˆ was to provide a potential
path to generalizations to curves of higher genus and abelian varieties of higher dimension. Indeed some of
this work — in many ways more hands-on than [MT] — proved useful in the PhD thesis of the first-named
author, who constructs the universal p-adic sigma function for jacobians of curves of genus 2 in a form
amenable for calculation [Bl].
2. The constructions.
Let p > 3 be a prime. As in the Introduction, let A4 and A6 be independent indeterminates over Z. Let
E be the projective closure of
y2 = f(x) = x3 +A4x+A6, (1)
over R = Z[ 16 ][A4, A6], which we will think of as a graded ring, where Ai has weight i. Let ∆ = −16(4A
3
4 +
27A26) denote the discriminant, which is an element of R of weight 12. Note that the model (1) defines
an elliptic curve over R∆ = R[
1
∆ ], and as such is the universal elliptic curve over any scheme where 6 is
invertible (see [KM]), but we will need to specialize to generalized elliptic curves, so do not want to work
over a ring where ∆ is invertible.
Towards that end, let H = H(A4, A6) be the isobaric polynomial in A4, A6 of weight p − 1 defined as
the coefficient of xp−1 in the expansion of f(x)(p−1)/2, which reduces to the Hasse invariant modulo p. Let
RH = R[
1
H ]. It follows ([Si], III, §2) that the geometric fibres of E/RH are elliptic curves over the open
subscheme where ∆ is invertible, and are otherwise nodal cubics.
Remark. We will not need this for what follows, but we note that the smooth locus (E/RH)
smooth is obtained
by removing the singular points from the nodal fibres, and the “group law” for Weierstrass cubics ([Si], III,
(2.3) and (2.5)) defines a morphism + : (E/RH)
smooth×E → E that makes (E/RH)
smooth into a group variety,
whose geometric fibres are either elliptic curves or the multiplicative groupGm. In other words, E/RH defines
a generalized elliptic curve over RH with at worst nodal fibres (see [Co1] for requisite definitions). [Co2]
explains that the Riemann-Roch Theorem shows that any generalized elliptic curve with at worst nodal fibres
can be given locally on the base by a Weierstrass model (for details over a local noetherian base scheme,
see §2.25 in [Hi]). Hence E/RH is universal for generalized elliptic curves with at worst nodal fibres over
schemes where 6 is invertible.
We will let t = −x/y, which is a local parameter at the section at infinity of E/R, and ω = dx/2y be a
choice of differential for E/R. With this choice, the expansions of ω, x, and y in terms of t have the forms
3
([Si], IV, §1)
ω
dt
:=W (t) :=
∞∑
n=0
wnt
n ∈ 1 +R[[t]], x(t) ∈
1
t2
+R[[t]], y(t) ∈ −
1
t3
+R[[t]]. (2)
We have the corresponding derivation D over R on the sheaf of regular functions O(E) (and hence on the
fraction field of E/R) defined by Df = df/ω, i.e., the unique derivation such that Dx = 2y. The derivation
extends to the completed local ring at infinty Oˆ∞(E), which we identify with R[[t]]. On (E/RH)
smooth, ω is an
invariant differential and so D is an invariant derivation. The weights on A4 and A6 come from the fact that
if we change models (1) for E by replacing x and y by λ2x and λ3y for any non-zero λ in the fraction field of
R, then A4 and A6 get replaced by λ
4A4 and λ
6A6. These transformations also take (t, ω)→ (λ
−1t, λ−1ω),
so we will also say that x, y, t, ω respectively have weights 2, 3,−1,−1.
Let Rˆ = lim
←−
n
RH/p
nRH be the p-completion of RH . Since H is homogeneous, the notion of weight extends
to RH and then to Rˆ. Note that D extends uniquely to Rˆ[[t]] and its fraction field.
Our goal is to show the following:
Theorem 1. There is a unique power series σ
E/Rˆ(t) in Rˆ[[t]], odd under t → −t, and with lead term t,
such that D(D(σ
E/Rˆ(t))/σE/Rˆ(t)) + x(t) is some element β ∈ Rˆ. We call σE/Rˆ(t) the universal p-adic sigma
function.
Theorem 2. There is a unique Laurent series ζ
E/Rˆ(t) in 1/t + Rˆ[[t]], odd under t → −t, such that
D(ζ
E/Rˆ(t)) + x(t) is some element β ∈ Rˆ. We call ζE/Rˆ(t) the universal p-adic Weierstrass zeta function.
Given σ
E/Rˆ(t) it follow that D(σE/Rˆ(t))/σE/Rˆ(t) = ζE/Rˆ(t), which is the order of construction done by
Mazur and Tate. We will reverse the order, first constructing ζ
E/Rˆ(t), and then showing there is a unique
σ
E/Rˆ(t) ∈ Rˆ[[t]], odd under t→ −t, and with lead term t, such that D(σE/Rˆ(t))/σE/Rˆ(t) = ζE/Rˆ(t).
2.1. The construction of the universal p-adic Weierstrass ζ-function.
The expansions of ω, x, and y over R in terms of t in (2) show that under any specialization ρ : R → S
giving the base change E/S : y2 = x3 + ρ(A4)x+ ρ(A6) of E , the expansion of elements in the fraction field
of Oˆ∞(E) in terms of t and the action of D commute with this base change.
We will now apply this to E/R and its reduction mod pn, E˜n over Rn := (Z/p
nZ)[A4, A6], which is elliptic
over Rn[
1
∆ ].
Proposition 3. Let k be the fraction field of R, and E the basechange of E to k. For any divisor D on
E/k, we standardly let L(D) denote the k-vector space of functions f on E/k such that (f) +D is effective
or f = 0. Let O denote the origin on E.
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a) For any n ≥ 1, there is a unique element zn of L(p
nO) whose expansion in t at the origin is computed
to be of the form
t−p
n
−Hn/t− Jnt+ t
3vn(t),
for some vn(t) ∈ R[[t]], and some isobaric polynomials Hn and Jn over R of weights p
n − 1 and pn + 1,
respectively. Its uniqueness makes zn odd.
b) Hn is a unit in Rˆ, and ζn := Hn
−1(t−p
n
− zn) lies in
1
t Rˆ[[t]].
c) Let βn = Jn/Hn ∈ Rˆ. Then Dζn ≡ −x+ βnmod p
n.
Remark. For an elliptic curve in characteristic p there are a number of equivalent recipes for calculating the
Hasse invariant, see, e.g., [KM] 12.4, and [L] Appendix 2, §5. Each of these suggests potential lifts of the
Hasse invariant to our general curve E/R as isobaric polynomials hi(A4, A6) in R of weight p− 1, by which
we mean that hi mod p gives the Hasse invariant of E as an elliptic curve over the fraction field of R/p. As
such, any two lifts in agree in R/p.
For our purposes, we are considering several of these lifts . One such lift is H , the coefficient of xp−1 in
the expansion of f(x)(p−1)/2 [Deu]. Another is H1, the negative of the residue of z1, which we will see is the
same as wp−1 [Has] (or see the proof of Lemma 4 below). Yet another is ℓp(p−1)/2, the coefficient of x
p(p−1)/2
in the p-division polynomial [Der]. The canonical choice of lift is the isobaric polynomial G(A4, A6) in R
which gives the normalized Eisenstein series Ep−1 when A4 and A6 are considered as p-adic modular forms
(see the remark in §4). We note that H and H1 are the same (see the general formula for wn on p. 271 of
[SB]), but no two others of these lifts are always the same. For example, when p = 3, for the elliptic curve
y2 = x3 + A2x
2 + A4x + A6, H = A2, while [MT] shows ℓ3 = 4A2. When p = 5, we take A2 = 0, and then
H = 2A4, whereas E4 = −48A4.
Proof. (a) The existence of such a zn comes from (2) using induction. The Riemann-Roch Theorem shows
that the difference between any two candidates for zn must be a constant — and since they are odd — the
constant much be zero, so the choice of zn is unique.
(b) The remark above gives H1 ≡ H mod p. Hence H1 is invertible in Rˆ. From the relation
zn ≡ (zn−1)
p +Hpn−1z1mod p,
we inductively get that Hn ≡ H
1+p+...pn−1
1 mod p, so Hn is invertible in Rˆ for all n. Hence it makes sense to
define ζn = Hn
−1(t−p
n
− zn) in
1
t Rˆ[[t]].
(c) Note that Dzn reduces mod p
n to a function on E˜n/Rn[
1
∆ ], with poles only at the origin and of order
2 there, and hence is of the form anx+ bn mod p
n. Although we only know a priori we than an and bn lie in
Rn[
1
∆ ], in the expansion of x in (2) in terms of t there is no constant term, and likewise there is no quadratic
term in the expansion of ω in terms of t, so we have an = Hn and bn = −Jn mod p
n, so they actually lie in
Rn. Therefore D(ζn) ≡ −x+ βnmod p
n for βn = Jn/Hn ∈ Rˆ. 
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Lemma 4. Let f(t) ∈ 1t∞ Rˆ[[t]] be a Laurent series such that D(f(t)) ≡ cn mod p
n for some n ≥ 1 and
some cn ∈ Rˆ. Then cn ≡ 0mod p
n.
Hence if D(f(t)) = c for some c ∈ Rˆ, then c = 0.
Proof. We can rewrite the condition D(f(t)) ≡ cn mod p
n as dfdt ≡ cn
ω
dt mod p
n. Since the coefficient of
tp
n−1 in dfdt vanishes mod p
n, we have cnwpn−1 ≡ 0mod p
n. Note however that the sum of the residues of
znω is 0, and since the only pole is at the origin, its residue there must vanish. The residue is wpn−1 −Hn,
so wpn−1 = Hn is invertible mod p. Hence cn = 0. 
Proof of Theorem 2: Applying Proposition 3 to ζn and ζn+1 shows that βn+1 ≡ βnmod p
n, so we can set
β = limn→∞ βn ∈ Rˆ. Proposition 3(c) shows that for every m ≥ 1, (−x(t) + β)ω/dt is the derivative with
respect to t of a Laurent series in t over R/pm, and hence for every n ≥ 1, the coefficient of tpn−1 in the
expansion of (−x(t) + β)ω/dt vanishes mod pn. Therefore there is a Laurent series ζ(t) ∈ 1/t+ Rˆ[[t]] with
the property that D(ζ(t)) = −x(t) + β, and then by Lemma 4 we can make ζ(t) unique by specifying that
it is odd in t. Hence ζ(t) is the unique choice for ζ
E/Rˆ(t).
2.2. The construction of the universal p-adic σ-function.
To remove the polar term, we define ζ˜
E/Rˆ(t) ∈ Rˆ[[t]] as
ζ˜
E/Rˆ(t) = ζE/Rˆ(t)−Dt/t = ζE/Rˆ(t)−
1
t
dt
ω
= ζ
E/Rˆ(t)−
1
tW (t)
.
Let log(1+ t) =
∑
n≥1(−1)
n+1 tn
n , and Frob(t) =
∑
n≥0
tn
n! , so we have in Q[[t]] that Frob(log(1+ t)) = 1+ t,
and log(Frob(t)) = t. We let g(t) denote the integral of ζ˜
E/Rˆ(t)ω in Rˆ ⊗ Q[[t]] that has no constant term,
which will just write as
g(t) =
∫
ζ˜
E/Rˆ(t)ω,
which is even in t.
We now define σ˜(t) = Frob(g(t)), which is an even power series in t with coefficients in Rˆ ⊗ Q, whose
constant term is 1. We set σ(t) = tσ˜(t), which is an odd power series in t with lead term t, and by
construction, ζ
E/Rˆ(t) = D(log(σ(t))) = (dσ(t)/ω)/σ(t). Our goal is to show that σ(t) (or equivalently σ˜(t))
has coefficients in Rˆ, so that σ(t) will be the σ
E/Rˆ(t) promised in Theorem 1. We will do this by using
Hazewinkel’s functional equation lemma adapted to our situation (see [Haz], Chpt 1, Sect. 2; see also [Ho]
Lemma 2.4.)
Lemma 5 (Functional Equation Lemma). Let K be the fraction field of Rˆ, and α : Rˆ → Rˆ be an injective
homomorphism such that for all r ∈ Rˆ, α(r) ≡ rpmod p. Extend α to K and then to K[[t]] by acting on the
coefficients of power series. Let a, b ∈ K[[t]] without constant term be such that a(t)− 1pα(a)(t
p) ∈ Rˆ[[t]] and
b(t)− 1pα(b)(t
p) ∈ Rˆ[[t]]. Then b−1(a(t)) ∈ Rˆ[[t]].
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Corollary 6. With K and α as above:
a) For any a(t) ∈ K[[t]] without constant term satisfying
a(t)−
1
p
α(a)(tp) ∈ Rˆ[[t]],
we have that Frob(a(t)) has coefficients in Rˆ.
b) Suppose that a ∈ tK[[t]] is such that da/dt is in Rˆ[[t]], so a =
∑∞
n=1
cn−1
n t
n for some cn ∈ Rˆ. Then
a(t)− 1pα(a)(t
p) ∈ Rˆ[[t]], if and only if for all n ≥ 1,
cnp−1 ≡ α(cn−1)mod pn.
c) Suppose t′ ∈ tRˆ[[t]] satisfies t′ ≡ tpmod p. If a =
∑∞
n=1
cn−1
n t
n for some cn ∈ Rˆ, and if a(t)−
1
pα(a)(t
′)
has coefficients in Rˆ, then Frob (a(t)) has coefficients in Rˆ.
Proof. (a) This follows from the Functional Equation Lemma since α is trivial on the prime subfield Q of
K, and log (1 + t)− 1p log (1 + t
p) is in Rˆ[[t]].
(b) This follows from comparing coefficients of tnp.
(c) This follows from (a) and (b) since if in Rˆ[[t]], t′ ≡ tpmod p, then for all n ≥ 1, (t′)n ≡ tpnmod pn. 
Our goal now is to apply part (c) of this corollary to g(t), which requires finding a ring endomorphism α of
Rˆ that reduces to the Frobenius mod p, finding a suitable t′, and verifying the requisite functional equation
for g(t), which we now do in turn.
Let E˜ be the reduction of (E/Rˆ)smooth mod p. Since E˜ over Rˆ/p is ordinary, in the kernel of reduction of
(E/Rˆ)smooth there is a distinguished subgroup (scheme) G of order p. Let E ′ = E/G, and let E, E′, and G be
the basechanges of E , E ′, and G over K, the fraction field of Rˆ, and let ψ : E → E′ = E/G be the induced
isogeny over K. We note that there is not a unique Weierstrass model for E′, but for each γ ∈ K there is a
unique Weierstrass model
E′γ : yγ
2 = xγ
3 +A′4,γxγ +A
′
6,γ ,
with ωγ = dxγ/2yγ , determined by the condition that ψ
∗ωγ/ω = γ. We will use ψ to identify the function
field K(E′) with a subfield of K(E).
Proposition 7. a) The model E′p is of the form
yp
2 = fp(xp) = xp
3 +A′4,pxp +A
′
6,p, (3)
where A′4,p and A
′
6,p are isobaric in Rˆ of weights 4 and 6 respectively, and reduce respectively to A
p
4/H
4 and
Ap6/H
6 mod p. In addition, if tp = −xp/yp, then tp ≡ Ht
pmod p.
b) The model E′p/H is of the form
yp/H
2 = xp/H
3 +A′4,p/Hxp/H +A
′
6,p/H ,
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where A′4,p/H and A
′
6,p/H are isobaric in Rˆ of weights 4p and 6p respectively, and reduce respectively to A
p
4
and Ap6 mod p.
c) Let tp/H = −xp/H/yp/H . Then tp/H is in Rˆ[[t]] with lead term pt/H, and tp/H ≡ t
pmod p.
Proof. a) Let (3) be the model for E′p. We now want to verify the claims about A
′
4,p, A
′
6,p and tp. By way
of notation, for any point u of E, let τu denote the translation-by-u map on E, and for any function f in
the fraction field K(E) of E, let N(f) =
∏
g∈G τ
∗
g (f) be the norm and let N
′(f) =
∏′
u∈G f(u), where
∏′
indicates that the product is taking only over the non-identity elements of G.
Let φp(x) be the classic division polynomial for the multiplication-by-p-map on E. It is well-known that
φp(x) = px
(p2−1)/2 +
(p2−3)/2∑
n=0
ℓnx
n,
where ℓn is an integer polynomial in A4 and A6 which is isobaric of weight p
2 − 1 − 2n and is a multiple of
p if n is not a multiple of p, i.e. ddxφp(x) ≡ 0mod p. Most important for us is ℓp(p−1)/2, which is of weight
p− 1, and is invertible in Rˆ, since, as we’ve already remarked, it reduces to H mod p. Applying the p-adic
Weierstrass preparation theorem (for a proof over any p-complete ring, see Theorem 1.3 of [Ell], though for
the following, the earlier work [O] suffices) to φp(x) implies that over Rˆ, φp(x) factors as a polynomial of
the form
φψ(x) := px
(p−1)/2 + ℓ˜p−3/2x
p−3
2 + ....+ ℓ˜0, φψ(x) ≡ ℓp(p−1)/2 ≡ Hmod p, (4)
times a monic polynomial ξψ(x) ∈ Rˆ[x], which inherits the property that
d
dxξψ(x) ≡ 0mod p. Since
x−(p
2−p)/2ξψ(x) is invertible in Rˆ[[
1
x ]], the roots of φψ(x) are precisely the x-coordinates of the non-trivial
points in G. Therefore φψ(x) is a constant multiple of the division polynomial for the isogeny ψ in the sense
of [MT] (it actually hits the nail on the head if we specify that the division polynomial is taken with respect
to the choices of ω and ωp as invariant differentials on E and E
′.)
As a result, ℓ˜0 is invertible in Rˆ and N
′(x) = ℓ˜0
2
/p2.
Now let ri, r
′
i, 1 ≤ i ≤ 3 be respectively roots of f and f
′
p in an extension field. Then comparing divisors,
there are constants ci in an algebraic closure K¯ of K and an ordering of the roots such that for 1 ≤ i ≤ 3,
xp − r
′
i = c
2
iN(x− ri), and yp = ±c1c2c3N(y), so xp =
1
3
∑3
i=1 c
2
iN(x− ri).
The expansion of xp− r
′
i in terms of t has a lead term independent of i, and a calculation shows that this
lead term is c2iN
′(x − ri)/t
2. We therefore have c2i = c
2/N ′(x − ri) for some constant c ∈ K¯ independent
of i. Hence xp has a lead term c
2/t2, so replacing c by −c if necessary, we can take yp to have a lead term
−c3/t3, and if tp = −xp/yp, then tp has lead term t/c. Likewise ψ
∗(ωp) = ψ
∗(dxp/2yp) = ω/c. Hence by
design, c = 1/p, so xp =
1
3
∑3
i=1N(x− ri)/p
2N ′(x− ri), and similarly yp = N(y)/p
3N ′(y).
An exercise with the group law on E/K shows
(τ∗u(x) − ri)(τ
∗
−u(x) − ri) =
((x − ri)
2(x(u) − ri)
2 + xLi,1(x(u)) + Li,2(x(u)))/(x − x(u))
2, (5)
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where Li,1(x(u)) and Li,2(x(u)) are polynomials of degree 1 in x(u) with coefficients in Rˆ[ri].
Since every elementary symmetric function in the roots of φψ(x) lies in Rˆ except for the product of the
roots, which lies in 1p Rˆ, taking the product of (5) over the cosets of the non-identity elements of G under
the action of [±1] times x− ri gives that N(x− ri) = Si(x)/φψ(x)
2, where Si(x) ∈ Rˆ[ri][x] is a polynomial
of the form
p2N ′(x− ri)(x − ri)
p + pg(x),
where g has degree less than p.
Now p2N ′(x − ri) = φψ(ri)
2 which is ℓ˜20 mod p, hence is invertible in Rˆ[ri]. Therefore N(x− ri) reduces
to (x− ri)
p mod p. Putting these together, xp = S(x)/φψ(x)
2, for some polynomial S(x) ∈ Rˆ[x] of degree p
which reduces to xp mod p. Hence xp = x
p/ℓ˜20mod p.
Likewise, since x− ri is a factor of Si(x), we have that
y2p = (N(y)/p
3N ′(y))2 =
3∏
i=1
Si(x)
φψ(ri)2φψ(x)2
= (
yM(x)
φψ(x)3
)2,
for someM(x) ∈ Rˆ[x] of degree (3p−3)/2, such thatM(x) ≡ f(x)(p−1)/2mod p. The expansion of both sides
in terms of t shows that yp =
yM(x)
φψ(x)3
, and so yp = y
p/ℓ˜30mod p. Therefore tp = −xp/yp ≡ ℓ˜0t
p ≡ Htpmod p.
Using these expressions for xp and yp and multiplying (3) by φψ(x)
6 shows that
A′4,pS(x)φψ(x)
4 +A′6,pφψ(x)
6 ∈ Rˆ[x],
and since the constant term of φψ(x) is a unit in Rˆ, Gauss’s lemma gives that
A′4,pS(x) +A
′
6,pφψ(x)
2 ∈ Rˆ[x]. (6)
The coefficient of xp in (6) is a unit in Rˆ times A′4,p so we get A
′
4,p ∈ Rˆ. We conclude that A
′
6,pφψ(x)
2 ∈ Rˆ[x],
and as above, A′6,p ∈ Rˆ. We leave it to the reader to verify that the construction shows that A
′
4,p and A
′
6,p
have the desired weights.
b) This follows from the effects of changing Weierstrass models.
c) Since M(x) has a lead coefficient that is a unit in Rˆ, we have
tp/H = −S(x(t))φψ(x(t))/HM(x(t))y(t) = −t
2pS(x(t))tpφψ(x(t))/t
3pHM(x(t))y(t)
is a power series in Rˆ[[t]] divided by an invertible power series in Rˆ[[t]], so lies in Rˆ[[t]]. The lead term of
tp/H is pt/H because ψ
∗(ωp/H) =
p
Hω, and it follows from (a) that tp/H ≡ t
pmod p. 
Definition 8. Let α be the endomorphism of R that sends (A4, A6)→ (A
′
4,p/H , A
′
6,p/H), which the propo-
sition shows reduces to the Frobenius mod p. Hence α(H) is Hp mod p, so is invertible in Rˆ. Therefore α
extends uniquely to RH and thence to Rˆ, where it still reduces to the Frobenius mod p (and we will still
denote it by α).
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We remark that in §4 we will also consider the weight-preserving endomorphism α0 : Rˆ → Rˆ determined
by (A4, A6)→ (A
′
4,p, A
′
6,p).
From now on we takeE′p/H as the defining model for E
′. We correspondingly defineH ′ = H(A′4,p/H , A
′
6,p/H) ≡
Hpmod p, so H ′ is invertible in Rˆ, and E ′ again defines a generalized elliptic curve with at worst nodal fibres.
Likewise we set ω′ = ωp/H and D
′ = d/dω′. Since ψ∗(ω′) = (p/H)ω, for any g ∈ K(E′), D′(g) = (H/p)D(g).
We also set t′ = tp/H .
Let α extend to a map on power series over Rˆ by acting on their coefficients. Then from Theorem 2 we
have a Laurent series ζ
E′/Rˆ(t
′) := α(ζ
E/Rˆ)(t
′) such that
D′(ζ
E′/Rˆ(t
′)) = −xp/H(t
′) + β′,
for β′ = α(β) ∈ Rˆ. In parallel to the definitions of Section 2, we now set ζ˜
E′/Rˆ(t
′) = ζ
E′/Rˆ(t
′) − D′t′/t′,
which since D′t′/t′ = 1/t′α(W )(t′), is the same thing as α(ζ˜
E/Rˆ)(t
′).
So we get from part (c) of Proposition 7 that:
Corollary 9. We have ζ˜
E′/Rˆ(t
′) ∈ Rˆ[[t]].
To complete the proof of Theorem 1 we need to verify that with our definitions of α and t′, the coefficients
of g(t) also meet the requisite criteria in the Functional Equation Lemma (c). For this we need three lemmas,
the first whose proof follows readily from the group law on E/K, and the second of which is due to Ve´lu
[Ve] (see also [Elk]).
Lemma 10. For any point u ∈ E other than O,
D(
D(x− x(u))
x− x(u)
) = 2x− (τ∗ux+ τ
∗
−ux).

Lemma 11 (Ve´lu). For f ∈ K(E), let T (f) =
∑
u∈G τu(f) be the trace, and T
′(f) =
∑′
u∈G f(u), the prime
indicating that the sum is over only the non-identity elements of G. Then the model E′1 for E
′ is
y21 = x
3
1 +A
′
4,1x1 +A
′
6,1,
for some A′4,1, A
′
6,1 ∈ K, where x1 = T (x)− T
′(x), y1 = T (y)− T
′(y).

Lemma 12. Let φψ(x) be the division polynomial for the isogeny ψ : E → E
′ given in (4). Then there is a
power series u(t) ∈ 1 + tRˆ[[t]] such that
t′ =
1
H
(tpφψ(x))u(t)
in R[[t]], and u(t) ≡ 1mod p.
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Proof. By the Weierstrass Preparation theorem, t′ factors uniquely in R[[t]] as a distinguished polynomial
d(t) times a power series u(t) ∈ 1 + tRˆ[[t]]. Part (c) of Proposition 7 shows that d(t) is of degree p and has
lowest term pH t. Since t
′ vanishes at the points of G, it follows that d(t) = 1H (t
pφψ(x)). Finally part (c) of
Proposition 7 gives that tp ≡ 1H t
pℓ˜0u(t)mod p. Since ℓ˜0 ≡ H mod p, u(t) ≡ 1mod p. 
We can now prove:
Proposition 13. Keeping the above notation:
a)
ζ
E′/Rˆ(t
′) = Hζ
E/Rˆ(t) +
H
p
Dφψ(x(t))
φψ(x(t))
.
b)
g(t)−
1
p
α(g)(t′) =
∫
ζ˜
E/Rˆ(t)ω −
1
p
∫
ζ˜
E′/Rˆ(t
′)ω′ ∈ Rˆ[[t]],
where the integrals are taken to have vanishing constant terms.
Proof. The proof of (a) consists of using the defining property of ζ
E/Rˆ(t) and comparing xp/H and x1. To
do this, sum the formula in Lemma 10 over the orbits of the non-identity elements u in G modulo the action
of [±1] and add x to give:
D(
Dφψ(x)
φψ(x)
) = px− T (x) = px− x1 − T
′(x).
We now consider this as an equation in the fraction field of Rˆ[[t]].
Using Theorem 2 we have
D(
Dφψ(x(t))
φψ(x(t))
+ pζ
E/Rˆ(t)) = pβ − x1(t)− T
′(x). (7)
It follows from the change of Weierstrass models that
x1 = (p/H)
2xp/H .
Plugging this into (7) and multiplying by H/p gives
D(
H
p
Dφψ(x(t))
φψ(x(t))
+Hζ
E/Rˆ(t)) = −
p
H
xp/H (t)−
H
p
(T ′(x) − pβ). (8)
As above we have
−xp/H(t) + β
′ = D′(ζ
E′/Rˆ(t
′)) =
H
p
D(ζ
E′/Rˆ(t
′)).
Multiplying this by p/H and combining with (8) gives
D(ζ
E′/Rˆ(t
′)−
H
p
Dφψ(x(t))
φψ(x(t))
−Hζ
E/Rˆ(t)) =
p
H
β′ +
H
p
(T ′(x) − pβ),
an element η of K. Let δ(t) = ζ
E′/Rˆ(t
′)− Hp
Dφψ(x(t))
φψ(x(t))
−Hζ
E/Rˆ(t). We claim that δ(t) ∈ Rˆ[[t]]. By Corollary
9 it suffices to show that
D′t′/t′ −
H
p
Dφψ(x(t))
φψ(x(t))
−HDt/t ∈ Rˆ[[t]].
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But since D′t′/t′ = (H/p)Dt′/t′, Lemma 12 shows this is Du(t)/u(t), which indeed is in Rˆ[[t]] since u(t) is
invertible.
Hence η = D(δ(t)) is in Rˆ, and by Lemma 4 we have
η =
p
H
β′ +
H
p
(T ′(x)− pβ) = 0, (9)
and so δ(t) is a constant. Being an odd function of t, it must be 0, which gives (a). (Note this shows
T ′(x)
p =
−2ℓ˜ p−3
2
p2 ∈ Rˆ, which is not hard to see directly. For example, that ℓ p2−3
2
= 0 and ddxξψ(x) ≡ 0mod p
implies that ℓ˜ p−3
2
≡ 0mod p2.)
To prove (b), note that from (a) we have
H
p
ζ˜
E/Rˆ(t)−
1
p
ζ˜
E′/Rˆ(t
′) =
H
p
ζ
E/Rˆ(t)−
1
p
ζ
E′/Rˆ(t
′)−
H
p
Dt
t
+
1
p
D′t′
t′
=
−H
p2
Dφψ(x(t))
φψ(x(t))
−
H
p
Dt
t
+
H
p2
Dt′
t′
=
−H
p2
D(tpφψ(x(t))/Ht
′)
tpφψ(x(t))/Ht′
=
−H
p2
D(1/u(t))
1/u(t)
=
H
p2
D(u(t))
u(t)
.
Multiplying by ω′(t′) = pHω(t) and integrating gives
g(t)−
1
p
α(g)(t′) =
log(u(t))
p
.
The proof is completed by the observation that u(t) ≡ 1mod p, so log(u(t))p ∈ Rˆ[[t]]. 
Proof of Theorem 1. Let
ζ˜
E/Rˆ(t) =
∑
n≥1
cnt
n, ζ˜
E′/Rˆ(t
′) =
∑
n≥1
c′n(t
′)n, cn ∈ Rˆ.
From Proposition 13, since c′n−1 = α(cn−1), part (c) of the corollary to the Functional Equation Lemma
shows that σ˜(t) — and hence σ(t) — has coefficients in Rˆ, so we can set σ
E/Rˆ(t) = σ(t). As for uniqueness,
it follows from the uniqueness of ζE/Rˆ that any two possible candidates for σE/Rˆ(t) have as a ratio a unit
power series h(t) ∈ Rˆ[[t]] with lead term 1 such that Dh/h = 0. Hence such an h is a constant, so must be
1. 
3. Universal equivalent formulations and specializations.
Let A be a complete DVR of residue characteristic p > 2 and E/A an ordinary elliptic curve with good or
bad reduction. For every choice ω of invariant differential on E/A, Mazur and Tate attached a p-adic sigma
function σ(E,ω)/A to the pair (E,ω). For p > 3 it is easiest to describe it by letting
y2 = x3 + a4x+ a6 (10)
be a Weierstass model for E/A such that dx/2y = ω, and setting t = −x/y. Then σ(E,ω)/A is the unique
power series in A[[t]], odd under t goes to −t, with lead term t, that satisfies any of a number of equivalent
conditions. If E is given to us as in (10), we will just abbreviate σ(E,ω)/A as σE/A. Without loss of generality,
we will assume now that this is the case.
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If A has characteristic 0, one of these equivalent conditions characterizing σE/A(t) is that
D(D(σE/A(t))/σE/A(t)) = −x(t) + β
for some β ∈ A, where D = d/ω. However, if A has characteristic p, this condition does not uniquely
characterize σE/A. One the other hand, Mazur and Tate show that for all A, σE/A is uniquely characterized
by the property that for all u, v in the kernel of reduction E0(E/A),
σE/A(u+E v)σE/A(u−E v)
σE/A(u)2σE/A(v)2
= x(v) − x(u),
where +E and −E are denoting that the operations are taking place in the group law of E.
We will now show that for the universal curve E/Rˆ, that in an appropriate sense, σE/Rˆ universally satisfies
this condition.
For parameters t1 and t2, let F = FE/R(t1, t2) be the formal group law in R[[t1, t2]] as in [Si], IV, §1 for
E/R, which we also write as t1 +F t2, the power series gotten by calculating the expansion of t in terms
of t1 and t2 at the sum in the group law on E of the points (x(t1), y(t1)) and (x(t2), y(t2)) of E . Then
ω(t) =W (t)dt is the invariant differential on F , i.e. [S, IV, §4]
W (t1 +F t2)
d
dt1
(t1 +F t2) =W (t1),
and it follows that D = d/ω extends to the invariant derivation on F , i.e. if D1 denotes D acting on t1 while
treating t2 as a constant,
D1(t1 +F t2) =
d(t1 +F t2)/dt1
W (t1)
= 1/W (t1 +F t2) = D(t)|t=t1+F t2 .
It follows from standard properties of derivations that for any power series h ∈ R[[t]] that
D1(h(t1 +F t2)) = Dh(t)|t=t1+F t2 .
We also write t1 −F t2 for subtraction in the formal group, in which case we also have
D1(h(t1 −F t2)) = Dh(t)|t=t1−F t2 .
Proposition 14. As elements in the fraction field of Rˆ[[t1, t2]],
σ
E/Rˆ(t1 +F t2)σE/Rˆ(t1 −F t2)
σ2
E/Rˆ
(t1)σ2
E/Rˆ
(t2)
= x(t2)− x(t1).
Proof. By Theorems 1 and 2 we have
D1(
D1(σE/Rˆ(t1 +F t2))
σ
E/Rˆ(t1 +F t2)
) = D1(ζE/Rˆ(t1 +F t2)) = −x(t1 +F t2) + β.
Applying this also with t2 replaced by −t2, then Theorem 2 and Lemma 10 imply that the second logarithic
derivations in t1 of both sides in the statement of the Proposition agree, so the first logarithmic derivatives
of both sides in t1 differ additively by a function µ(t2). Since the first logarithmic derivatives of both sides
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are odd in t1, µ(t2) = 0. Hence the ratio of both sides of the propositions is a function ν(t2). Comparing
the expansions of both sides as Laurent expansions in t1 shows that ν(t2) = 1. 
Remark. One could also fashion a proof of the Proposition using the Lefschetz Principle and properties of
the complex sigma function.
We now have one of our defining goals:
Theorem 15. Let p > 3 and A be a complete discrete valuation ring of residue characteristic p, and E an
elliptic curve over A in Weierstass form (10) with ordinary (good or bad) reduction. Let ρ be the specialization
map R → A given by ρ(A4) = a4, ρ(A6) = a6. Since E is ordinary, ρ(H) is a unit in A, so ρ extends to a
map on RH , and then to a map on Rˆ since A is p-complete. We denote both extensions by ρ.
Then the specialization σ˜E/Rˆ of the universal p-adic sigma function σE/Rˆ induced by ρ is the Mazur-Tate
p-adic sigma function σE/A.
Proof. Note that if F˜ is the formal group over A gotten by specializing the coefficients of F via ρ, then F˜
is a formal group law on the kernel of reduction E0(E/A) of E/A. Hence for any u and v in E0(E/A), the
specialization Rˆ[[t1, t2]] → A induced by ρ and the map t1 → t(u), t2 → t(v), specializes Proposition 14 to
the equation
σ˜E/Rˆ(u+ v)σ˜E/Rˆ(u− v)
σ˜E/Rˆ
2
(u)σ˜E/Rˆ
2
(v)
= x(v) − x(u),
where x, y, and t = −x/y denote functions on E/A. Therefore σ˜E/Rˆ = σE/A. 
4. Recovering the universal p-adic sigma functor.
Given Theorem 15, we can now show that our universal p-adic sigma function recovers the Mazur-Tate
σ-functor when p > 3. Let us recall the definition (for details see [MT]). Let S be the category of formal
adic scheme for which the ideal defined by p can be taken as an ideal of definition, S ∈ S, and (E,ω) be an
ordinary elliptic curve over S with ω a non-vanishing differential. If S0 is the subscheme defined by the ideal
generated by p, let Ef/S be the formal completion of E along the zero-section restricted to S0. They defined
a sigma functor as a rule that assigned to each such (E,ω) a formal parameter σ(E,ω)/S for the formal group
of Ef over S such that dσ(E,ω)/S/ω restricts to 1 on the zero section of E/S, that is compatible with base
change, and when A is a complete DVR whose topology is defined by pn, n ≥ 0, then when S = SpfA,
σ(E,ω)/S is σ(E,ω)/A (which is just σE/A when E is given is defined by the Weierstrass equation (10) and
ω = dx/2y.)
They showed the σ functor was unique, determined by its value on (E,ω) over complete DVRs and being
compatible with basechange, so all we have to verify is that our construction defines a functor on the same
category, and that it is invariant under base change, since Theorem 14 already shows that it agrees with the
Mazur-Tate sigma function on complete DVRs.
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One defines the functor by following Mazur and Tate’s argument for our σE/Rˆ mutatis mutandi, specializ-
ing σ
E/Rˆ over more general base schemes. Since specialization commutes with base change, the result follows
readily.
The only difference perhaps worth noting is that Mazur and Tate build their universal sigma functor by
building the sigma function attached to the universal elliptic curve, so for p > 3, as a power series with
coefficients in Rˆ[ 1∆ ]. The uniqueness of the sigma function shows that it has weight 1, so the coefficient
of tn is homogeneous of weight n − 1, so of the form fn(A4, A6)/H
in∆jn where fn is isobaric of weight
n− 1+ (p− 1)in+12jn with coefficients in Rˆ. On the other hand, from the definition of the sigma function
in terms of integrals and exponentiation, the same coefficient is also in Q[A4, A6, β]. Mazur and Tate prove
that embedding Rˆ into the ring M of level-one p-adic modular forms (with growth condition “r = 1”) —
which is standardly done by setting i(A4, A6) = (−
E4
48 ,
E6
864 ), where E2n is the normalized Eisenstein series of
weight 2n, and extending i to fraction fields — shows that i(β), which a priori is a p-adic modular function,
is computed to have the q-expansion of 112E2 (see the sign in [MST]), so is a p-adic modular form. This
shows that ∆jn identically divides fn(A4, A6), so the coefficients of the Mazur-Tate universal p-adic sigma
function indeed lie in Rˆ.
Remark. We can gain some insight into our construction as well via the embedding i, so let us consider
it in some detail. Since H gives the Hasse invariant for an elliptic curve in the form (1) over a field of
characteristic p, i(H) ≡ Ep−1mod p, which is invertible in M since M is p-complete. This is the same
reason we can extend i to an embedding of RH , which then extends to an embedding of Rˆ into M, since
taking localizations and p-adic completions are exact.
Recall [K] that the Frob operator onM is obtained by first applying the V operator which maps modular
forms of level 1 to forms on Γ0(p), and then embedding the latter into forms of level 1. It follows from
the results in §3 of [K] that α0 is a lift of Frob to Rˆ, that is, Frob ◦i = i ◦ α0. Note that our definition of
β as a limit of βn = Jn/Hn shows immediately that i(β) is a p-adic modular form of weight 2 , and that
β′ = α(β) = H2α0(β).
With this, the relation (9) between β and β′ becomes
p
β′
H2
= β + 2
ℓ˜ p−3
2
p2
,
which is also pα0(β). Applying the embedding i gives
pFrob(i(β)) = i(β) + 2
i(ℓ˜ p−3
2
)
p2
,
which in light of the Mazur-Tate calculation that i(β) = 112E2, is the statement that
i(ℓ˜ p−3
2
) =
−p2(1− p)
24
E∗2,
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where E∗2 := (E2 − pFrob(E2))/(1 − p) is the weight 2 p-adic Eisenstein series described in [Se], whose
q-expansion is 1− 241−p
∑
n≥1 σ
∗(n)qn, where σ∗(n) is the sum of the divisors of n prime to p.
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